A Unified Description of Quark and Lepton Mass Matrices 
in a Universal Seesaw Model 
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In the democratic universal seesaw model, the mass matrices are given by f l 171lFr + F 'Lmnfii + 
F^MpFji (/: quarks and leptons; F: hypothetical heavy fermions), mi and ran are universal for 
up- and down- fermions, and Mf has a structure (1 + bfX) (bf is a flavour-dependent parameter, and 
X is a democratic matrix). The model can successfully explain the quark masses and CKM mixing 
parameters in terms of the charged lepton masses by adjusting only one parameter, bf. However, 
so far, the model has not been able to give the observed bimaximal mixing for the neutrino sector. 
In the present paper, we consider that Mf in the quark sectors are still "fully" democratic, while 
Mf in the lepton sectors are partially democratic. Then, the revised model can reasonably give a 
nearly bimaximal mixing without spoiling the previous success in the quark sectors. 

PACS numbers: 14.60.Pq, 12.15.Ff, 11.30.Hv 



I. INTRODUCTION 

A. What is the universal seesaw model? 

Stimulated by the recent progress of neutrino experi- 
ments, there has been considerable interest in a unified 
description of the quark and lepton mass matrices. As 
one of such unified models, a non-standard model, the so- 
called "universal seesaw model" (USM) [1] is well known. 
The model describes not only the neutrino mass matrix 
M v but also the quark mass matrices M u and M d and 
the charged lepton mass matrix M e by seesaw-type ma- 
trices, universally: the model has hypothetical fermions 
Ft (F — U, D, N,E; i — 1, 2, 3) in addition to the conven- 
tional quarks and leptons fi (f — u,d,v,e; i — 1,2,3), 
and these fermions are assigned to fp = (2,1), f R — 
(1,2), F L = (1,1) and F R = (1,1) of SU(2) L x SU(2) fl . 
The 6x6 mass matrix that is sandwiched between the 
fields (f L ,F L ) and (f R ,F R ) is given by 



M 6X6 = 



mp 
m R Mp 



(1.1) 



where mp and m R are universal for all fermion sec- 
tors (/ = u, d, v, e) and only Mp have structures de- 
pendent on the fermion sectors F — U, D, N, E. For 
hp < A R < A s , where A L = 0(m L ), A R = 0(m R ) 
and As = O(Mp), the 3x3 mass matrix Mf for the 
fermions / is given by the well-known seesaw expression 



Thus, the model answers the question why the masses of 
quarks (except for top quark) and charged leptons are 
so small with respect to the electroweak scale A^ (~ 
10 2 GeV). On the other hand, the top quark mass en- 
hancement is understood from the additional condition 
detAfp = for the up-quark sector (F = U) [2-4]. Since 
the seesaw mechanism does not work for the third fam- 
ily fermions, the top quark has a mass of the order of 
mp — A L . 

For the neutrino sector, the mass matrix is given as 



vp v R l\p 



N,, N 






m R 








M L 
M T N 



mp ^ 


M N 

Mr J 



N L 

\N R 



(1.3) 



where v% = (v R ) c = Cv T R . Since 0(M N ) - 0{M L ) ~ 
0{M R ) ^> 0(m R ) ^> 0(mp), we obtain the mass matrix 
M u for the active neutrinos: vp 



M„ 



-mpM^mFp 



(1.4) 



M 



f 



-m L M F m R 



(1.2) 



If we take the ratio 0(mp)/0(m R ) suitably small, we 
can understand the smallness of the observed neutrino 
masses reasonably. 

For an embedding of the model into a grand unification 
scenario, for example, sec Rcf. [5], where a possibility of 
SO(10)xSO(10) has been discussed. 
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B. What is the democratic universal seesaw model? 



C. What is the problem? 



As an extended version of the USM, the "democratic" 
USM [2,3] is also well known. The model has successfully 
given the quark masses and the Cabibbo-Kobayashi- 
Maskawa (CKM) [6] matrix parameters in terms of the 
charged lepton masses. The outline of the model is as 
follows: 

(i) The mass matrices tol and niR have the same struc- 
ture, except for their phase factors 

m L ~ m ii/ K — m oZf , (1-5) 
where n is a constant with n » 1 and Zf are given by 
Zf = P(S f )Z , (1.6) 

P(^) = diag( e ^,e^, e w 3) , (1.7) 

Z = diag(zi,z 2 ,z 3 ) , (1-8) 
with z\ + z\ + z\ = 1. 

(ii) In the basis on which the matrices m{ and rrJ R are 
diagonal, the mass matrices Mp are given by the form 

M F = m Q \(l + 3b f X), (1.9) 
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(1.10) 



(hi) The parameter bj for the charged lepton sector is 
given by b e — 0, so that in the limit of k/X <C 1, the 
parameters Zi are given by 



yjm~ e y^m^ y/rn^ y/m e + m fl + m T 

Then, the up- and down-quark masses are successfully 
given [2,3] by the choice of b u = —1/3 and b d = —e l ^ d 
([3d = 18°), respectively. Here, note that the choice 
b u = —1/3 gives detMjj — 0, so that the case with 
b u = —1/3 gives m t ~ 0(mz,). Another motivation for 
the choice b u = —1/3 is that the model with b e = 
and b u = —1/3 leads to the successful relation [7,2] 
Tn u /m c ~ (3/4)(m e /m AI ), which is almost independent 
of the value of the seesaw suppression factor k/X. For 
the choice of b u = -1/3 and b d = -e ifti {fi d = 18°), the 
CKM matrix parameters are successfully given [2,3] by 
taking 

5"-8i = 8%-5i = Q, 5%-6I~tt. (1.12) 

A more detailed formulation (including the renormal- 
ization group equation effects) is found in Ref. [8] . 



It seems that the model is successful as far as the 
quark mass phenomenology is concerned, so that the fu- 
ture task is only to give a more reliable theoretical base 
to the model. However, the democratic USM has a se- 
rious problem in the neutrino phenomenology: In the 
previous model, the parameters Zi are fixed by the ob- 
served charged lepton masses as shown in (1.11), and the 
only adjustable parameter is b v defined by (1.9). For 
b v ~ —1/2 (b v ~ —1), we can obtain the maximal mix- 
ing between and v r (y e and v^) [9], while we cannot 
give the nearly bimaximal mixing, which is suggested by 
the observed atmospheric [10] and solar [11,12] neutrino 
data. 

This suggests that the previous model with the uni- 
versal structure of Mf is too tight. Therefore, in the 
next section, we assume that for the lepton sectors, the 
democratic matrix X in (1.9) will be changed by a "par- 
tially" democratic matrix, which is given by a rotation 
Rx from the fully democratic matrix in the quark sector. 
Then, we can obtain the observed nearly-bimaximal mix- 
ing. However, generally speaking, the success is not so 
remarkable because we have three additional parameters 
in the rotation matrix Rx- The problem is whether the 
rotation Rx has a physical meaning or not. 

In Sec. II, we will investigate a rotation matrix Rx that 
leads to the observed nearly bimaximal mixing and sug- 
gests an interesting relation between quarks and leptons. 
In Sec. Ill, the numerical results are given and neutrino 
phenomenology is discussed. In Sec. IV, the mysterious 
characteristics of the rotation matrix Rx are discussed. 
Finally, Sec. V is devoted to the conclusions. 

II. S 2 SYMMETRY VERSUS S 3 SYMMETRY 

A. Basic assumption 

For the quark sectors, the model is essentially un- 
changed from the previous model, i.e. the mass terms 
are given by 

™o UlZFr + kFlZ/r 

f=u,d 

+XF L pi(5 f )(l + 3b f X)P(5 f )F R ] + h.c. , (2.1) 

where we have changed the place of the phase matrix 
P from Z to Mp, so that tul and rriR are completely 
flavour- independent. On this basis the mass matrices 
ttil and ttlr are diagonal, the mass matrix Mp is invari- 
ant under the permutation symmetry S3 except for the 
phase factors. As investigated in Refs. [2,3], in order to 
give reasonable values of the CKM matrix parameters, it 
was required to choose 

P{S u )P\S d ) = P(S U - S d ) ~ diag(l, 1, -1) , (2.2) 
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although the origin of such a phase inversion is still an 
open question. In this paper, we assume 

P(S U ) = diag(l, 1,-1) , P(S d ) = diag(l, 1, 1) . (2.3) 

For the lepton sectors, we assume 

[J L ZF R + K F L Zf R 



too 



E 

f=e,v 



+\F L P\5 f )(l + 3bfX)P(5 f )F R 



+ h.c. 



(2.4) 



where, for convenience, we have dropped the Majorana 
mass terms N^M^NI + N R M R N R from the expression 
(2.4), since we always assume that the Majorana mass 
matrices Ml and M R have the same structure as the 
Dirac mass matrix Mjv = XmoP^ {8 V ){1 + 3b v X)P(5„). 
In (2.4), we have defined 

F' = R T X F . (2.5) 

Here, we have tacitly assumed symmetries SU(2)^ x 
SU(2)^ for the heavy fermions Fl and F R in addition to 
the symmetries SU(2) L x SU(2) H for Jl and f R , so that 
we have required the same rotation Rx for the heavy lep- 
tons (Ni,Ei)L (and (Ni,Ei) R ). Then, the heavy lepton 
mass terms in (2.4) can be rewritten as 

to A + 3b f X f )F R + h.c. , (2.6) 

f=e,u 

where 

X f = R x P\S f )XP(5 f )R x . (2.7) 
We take the phase matrices in the lepton sectors as 
P(S V ) =P(S U ) =diag(l,l,-l) , 

P(S e ) = P(S d ) = diag(l, 1, 1) , (2.8) 

corresponding to (2.3). Then, the effective charged lep- 
ton and neutrino mass matrices are given by 



-m -ZRx(l + 3a e X)R T x Z 
X 

= m e Z(l + 3a e X e )Z , 



(2.9) 



M v ~ -m -ZR x P\5 v ){\ + 3a v X)P(5 v )R x Z 
A 

= m v Z{\ + 2>a v X v )Z , (2.10) 

where m§ = — too(k/A), TOq = —mo/A, X e = R X XR X 
and X v = R X P^(S 1/ )XP(S V )R X , and we have used 



(i + 3b f xy 



3a fX , 



«/ = -&//(! + 36/) 



(2.11) 
(2.12) 



The rotation R x is between the basis in the quark sec- 
tors and that in the lepton sectors. Our interests are 
as follows: What rotation R x can give reasonable neu- 
trino masses and mixings? What relation does it suggest 
between quarks and leptons? 



B. A special form of Rx 



In the heavy down-quark mass matrix Mp, we have 
considered that the matrix X d is completely democratic, 
i.e. Xd — X defined by (1.10). Hereafter, we define the 
"fully" democratic matrix X defined in (1.10) as X 3 = X . 
The matrix Xf is a rank-1 matrix, which satisfies the re- 
lation {Xf) 2 — Xf. We suppose that the matrices Xf 
(/ = e, v) in the heavy lepton sectors will not be "fully" 
democratic, but "partially" democratic. The simplest 
expression of the partially democratic matrix is 




(2.13) 



We identify X e as X e = X 2 - The rotation R x , which 
transforms X 3 into X 2 , i.e. 



RxX 3 R x — X 2 , 



(2.14) 



is given by 



Rx = i? 3 (- 4) ' T ■ Ra(6) ■ (-P 3 ) ' A , (2.15) 



R 3 (0) = 



cos 9 sin 9 
— sin 9 cos 9 
1 



(2.16) 



A = 



\ V3 



-4 \ 



1 

± 

V3 



2 
V3 



(2.17) 



[ 














T= 


1 


i 


, p 3 = ( 


1 




I— 1 







V 








(2.18) 



The matrix A transforms the fully democratic matrix X3 
to the diagonal form 





AX 3 A 2 = | I = Z 3 . 
1 



(2.19) 
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The matrix Z 3 is invariant under the rotation R 3 (9) with 
an arbitrary 9. The transformation T has been intro- 
duced in order to transform Z 3 to Z\ = diag(l,0,0). 
Finally, the rotation R 3 (— 7r/4) transforms Z\ to X 2 . In 
the definition of Rx, (2.15), we have inserted the matrix 
—P 3 on the left-hand side of the matrix A. The matrix 
— P 3 docs not have any effect on the matrix Z3. In the 
numerical study in the next section, we are interested in 
the case where (Rx)i3 takes a small positive value, so 
that the matrix — P 3 has been introduced to make the 
the numerical search easier. 

For further convenience, we express the rotation R 3 (6) 
by a new angle parameter e = 9 — ir/4. Then, the explicit 
form of Rx is given by 



Rx = 



_5 3 

2 
3 



£3 



X 2 
2 



Xi 



\ 



X2 



Xl 



- x 2 ) 



§(£3-2:1) 



|(ar 2 



where Xi are given by 



Xl 



(2.20) 



1 

76 



y/6 



X2 



V6 2V6 2^2 ' 



(2.21) 



1 c — s c + s 
x 3 = ^ + + 



V6 2V6 2V2 ' 
(s = sine and c = cose) and they satisfy the relations 



xl + x\ + x\ = 1 , (2.22) 



£1 + x 2 + x 3 = 



(2.23) 



Since we have assumed the inversion P(S U ), (2.3), the 
heavy up-quark mass matrix Mjj (therefore, the matrix 
P j; (5 u )X 3 P(S u )) is not invariant under the permutation 
symmetry S3, although it is still invariant under the per- 
mutation symmetry S2 for the fields u\ and 112, because 
of the form 



X U = P^6 U )X 3 P(S U ) = 



1 



*3 



1 1 -1 
1 1 -1 
-1-1 1 

(2.24) 

Since the matrix X 3 is not invariant under the permuta- 
tion symmetry S3, the neutral heavy lepton mass matrix 
Mn has a somewhat complicated form: the rank-1 ma- 
trix X v is generally given by 



X„ 



VI 2/12/2 2/12/3 
2/12/2 v\ 2/22/3 
2/12/3 2/22/3 2/1 



(2.25) 



where j/i satisfy the normalization 2/1+2/2+2/3 = 1 • By 
comparing the result RxX 3 R x from (2.20) with the ex- 
pression (2.25), we find 



V1 = W2 + - [C ~ S) 



2/3 = 3( c + s ) • 

In the next section, we will investigate the neutrino 
mass matrix (2.10) numerically. The expression (2.25) is 
not always S2-invariant. Therefore, in the next section, 
we will require the matrix X u to have also an S2-invariant 
form. Then, the parameter e is fixed, so that the model 
can again reduce to a one parameter model with only b v . 



III. NUMERICAL STUDY OF THE 
NEUTRINO MASS MATRIX 



In order to find the numerical study of the neutrino 
mass matrix (2.10) without spoiling the previous success 
in the quark sectors, we evaluate (2.9) in the limit of 
b e — > 0. Then, the values of the parameters z% are still 
given by (1.11). Therefore, the numerical success in the 
quark sectors [2,3] is unchanged. The matrix U v by which 
the mass matrix (2.10) is diagonalized as 

UlM v Ut =D V = diagK', ml, rr%) , (3.1) 

is the so-called Maki-Nakagawa-Sakata-Pontecorvo 
(MNSP) [13] matrix. Hereafter, we will simply call U v 
the lepton mixing matrix. 

The neutrino mass matrix M v has two parameters, b v 
and e. First, we try to require that the matrix X u be 
invariant under a permutation symmetry S 2 . Although, 
as suggested from the form X e = X 2 in (2.13), the case 
with 2/1 = 2/2 is very interesting, regrettably it cannot 
give the observed nearly-bimaximal mixing for any value 
of b v . Of the possible cases 2/1=2/2,2/2 = 2/3 an d 2/3 = J/i> 
only the case y 3 = yi has a solution that gives reasonable 
mixing and mass values. The case with y\ — y 3 fixes the 
parameters Xi and e as 



2/i 



y 3 = 0.6900 , y 2 = -0.2186 



(3.2) 



x x = 0.014811 , x 2 = 0.23904 , x 3 = 0.970890 , (3.3) 



e = 2.043° . 



(3.4) 
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As we defined in (2.22) and (2.23), the parameters x% 
satisfy the relation 

x\ + x\ + xj = ^(xi + x 2 + x 3 ) 2 . (3.5) 

On the other hand, it is well known that the observed 
charged lepton masses satisfy the relation [14] 



m e + m p + m T = - ( A 



(3.6) 



i.e. 



zt + z. 



2 + z 3 



= g(^l + Z 2 + Z 3 ) 



In fact, from relation (3.6), the observed charged lep- 
ton masses m e and predict m^ leor = 1776.97 MeV, 
which is in excellent agreement with the observed value 
m obs = 1776.99+0-29 MeV, together with the parameter 
values of z% for b e = 0: 



It is also worth while noting that in Table I the value 
of b v is very near to b v = —2/3. The results b e = 0, 
b u = —1/3, b v ~ —2/3 and bd ~ —1 may suggest the 
existence of some unified rule for bf. 

Finally, we must excuse ourselves for taking the pa- 
rameter b e as b e — > in the numerical calculations. We 
have assumed that the heavy charged lepton mass matrix 
Me is given by Me = Arao(l + 3b e X2) on the basis of 
F (not F'), i.e. Me has the partially democratic form. 
However, the choice b e = makes this assumption non- 
sense. We consider that the value of the parameter b e 
is b e ~ 0, but it is not b e = 0. In fact, although the 
relation (3.6) has given, for the observed charged lep- 
(3.7) ton mass values m e and m^, the excellent prediction of 
the tau lepton mass m T , however, for the values [16] of 
m e and m M at ji = mz we obtain the predicted value 
m T (mz) = 1724.99 MeV, which slightly deviates from 
the observed value m T (m z ) = 1746.69±g;|? MeV [16]. 
This deviation can be adjusted by taking a small devia- 
tion of b„ from zero. 



zt = 0.016473 , z 2 = 0.23687 , z 3 = 0.97140 , (3.8) 
which correspond to 



2.268° 



(3.9) 



It should be noted that the values (3.3) [and (3.4)] are 
very near to the values (3.8) [and (3.9)]. We may consider 
that the parameters Zj are identical with the x%, which 
gives 2/3 = yi at a unification scale [i = M\- 

In the numerical search, the value of the parameter b v 
is determined as the prediction R = Am^/Am^ gives 
the observed value [10,12] 



R, 



obs 



5.0 x 10" 5 eV 2 
2.5 x 10- 3 cV 2 



2.0 x 10" 



(3.10) 



In Table I, we list the numerical results of b v , m", Am^i, 
Am| 2 , sin 2 20 12, sin 2 20 2 3, and |(C/ I /)i3| 2 as Case A. Here, 
for simplicity, we have used the values 4| ([/,,) ii| 2 |([/„) 12 1 2 
and 4|(J7 !y )23| 2 |(C/ ! y)33| 2 as the values of sin 2 20i 2 and 
2 26*23 , respectively, because R <C 1. For refer- 



sin 
ence 



723, 

in Table I, 



we also list a case with x,-. 



yjm\l(m, e + m M + m T ) as Case B. In this case, the sce- 
nario is that the partially democratic form of X v with 
V3 = Vi is slightly broken at /j, = mz, still keeping 
Xi = Zi. From the numerical point of view, there is no 
essential difference between the two cases. 
The predicted value of sin 2 26*i 2 [tan 2 0\ 2 ], 



sin 2 26»i2 = 0.80 [tan 2 12 = 0.38] 



(3.11) 



is in good agreement with the present best fit value [12] 
tan 2 so iar = 0.34 [sin 2 20 so i ar — 0.76]. It should be noted 
that the predicted value (3.11) gives a suitable deviation 
from sin 2 26*12 = 1-0, although the Zee-type model can- 
not give such a sizeable deviation from sin 2 26*i2 = 1.0 
[15]. 



IV. MEANINGS OF THE ROTATION Rx 

In the previous section, we have found that the values 
of the parameters Xi with the requirement y\ = 1/3 are 
very close to the values of Zi, which are evaluated from 
the observed charged lepton masses. It should be noted 
that only for such a case with Xi ~ Zj we obtain a solu- 
tion of the value of the parameter b v that gives reason- 
able masses and mixings. In other words, even if we do 
not require the condition y\ = y 3 , the phenomenological 
two-parameter study with e and b v can find a reason- 
able solution only when Xi ~ zi. This suggests that the 
rotation Rx has a special meaning not only for the neu- 
trino mass matrix, but also for the charged lepton mass 
parameter matrix Z. Wc consider that the coincidence 
Xi ~ Zi is not accidental. 

The rotation Rx has the following property: 



(4.1) 



in addition to the property (2.14). Therefore, it means 
that the parameters Zi can be obtained from the vector 
(1,0,0) by the following rotation: 




5 j = {Rx)l =tt f 



(4.2) 



If we define a rotation matrix Rx as 

R x = TR X T , (4.3) 
where T is defined by (2.18), the relations become more 
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intuitive: 



RxX^R x — X 2 = — 



(Rx)xi= Zi ( Z2 
Z3 




(Rx) Xi = Zi -Z-(SX 3 )-Z-(R x )l 




(4.4) 



(4.5) 



(4.6) 



However, in order to obtain the same numerical re- 
sults as those in the previous section, we must change 
the assumption X v = RxP^X^P^R 1 ^ to the following 
assumption 



where 



X v — RxP\X^PiR x 



Pi =diag(-l,l,l) . 



(4.7) 



(4.8) 



Then, the parameters i/j in the expression (2.26) are given 
by the same relations with the exchange between y\ and 
yz- Since we require y\ =2/3, the numerical results are 
exactly identical with those in the previous section. In 
the previous scenario we have assumed, with the rotation 
Rx , that the heavy up fermions take the same phase ma- 
trix P3 = P(S U ) = P(5 V ). In this case with Rx , we must 
assume that P(<5„) = P3, but P(5 V ) = P\. Although the 
scenario with Rx is more intuitive, we cannot at present 
answer the question why quarks require the inversion P3 
and why leptons require the inversion Pi. 

In any case, it is essential that the parameter values 
(21,22,23) [or (23,22,21)] come from (0,0,1) [or (1,0,0)] 
by the rotation Rx [or Rx]- Especially, it is noted that 
the parameters 2j satisfy the relation (2.23) [therefore 
(3.7)], which leads to the charged lepton mass relation 
(3.6). Thus, the rotation Rx has special meanings not 
only as a rotation between the heavy quarks (U, D) and 
(N, E), but also as a rotation that determines the charged 
lepton mass parameters Zi. 



V. CONCLUSIONS 

We have proposed an improved version of the demo- 
cratic universal seesaw model in order to extend the suc- 
cess of the unified description of the quark and charged 
lepton mass matrices to the neutrino mass matrix. In 
the original model, the mass matrices tol and m# were 
given by a universal structure Z, independently of the 
fermion sectors / = u,d, e, v, and the hypothetical heavy 
fermion mass matrices Mp have the same structure, "a 



unit matrix plus a democratic matrix" , which includes 
only one flavour-dependent complex parameter bf. The 
constraint was too tight, so that the model could not give 
the observed nearly-bimaximal neutrino mixing. In the 
improved model, the mass matrices m L (also m R ) are still 
flavour- independent, while the heavy fermion mass ma- 
trices have different structures between quark and lepton 
sectors, i.e. in the quark sectors, Mp still have demo- 
cratic forms, while in the lepton sector, Mp have only 
"partially" democratic forms. If we take a special rota- 
tion Rx, which transforms the 3x3 democratic matrix 
X 3 to the 2x2 democratic matrix X 2 as (2.14) and if we 
take the parameters Xi as Xi ~ 2j oc y / mf and b v ~ —2/3, 
we can obtain reasonable values of neutrino masses and 
mixings. 

For the quark and charged lepton sectors, in the origi- 
nal democratic universal seesaw model [2,3], we have al- 
ready obtained reasonable values of the masses and mix- 
ings by taking b e = 0, b u = —1/3, and b d ~ —1. Those 
values of 6/ are unchanged in the present revised model 
and, moreover, in order to explain the observed nearly 
bimaximal neutrino mixing, the value b v ~ —2/3 is re- 
quired. What is meaning of these parameter values 

K = , b u = -1/3 , b„ ~ -2/3 , b d ~ -1 ? (5.1) 



This is a future task for us. 

We have also numerically searched a rotation matrix 
R(0i2, #23, #3i ) that can give reasonable values for the 
observed neutrino mixings and masses, without requir- 
ing the constraint (2.14). We found that the only solu- 
tion is the rotation Rx with x^ ~ 2j (the values 2, are 
given by (1.11)) for b v ~ —2/3. The solution Rx trans- 
forms the "fully" democratic matrix A3 into the partially 
democratic matrix A2 and the parameters Xi satisfy the 
relation (3.5), which leads to the charged lepton mass 
formula (3.6). The rotation Rx with Xi ~ Zi also trans- 
forms the matrix A3 (2.24) into a partially democratic 
matrix X v (2.25) with y\ = f/3. These mean that the 
observed neutrino data require not a mere numerical so- 
lution of R{9\2, 023, 031), but the special solution Rx with 
Xi = Zi. The observed charged lepton masses, which are 
proportional to zf, are closely related to the rotation Rx 
with Xi = Zi, for example as (4.2), (3.7), and so on. These 
facts give us a sufficient motivation for the rotation Rx 
with Xi = Zi be taken seriously. However, at present, the 
theoretical origin of the rotation is not clear. This is also 
a future task to us. 
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Case A with Xi ^ z% 


Case B with Xi = z. 


K 


-0.680 


-0.684 


a v 


-0.654 


-0.650 


(eV) 
m v 2 (eV) 
ml (eV) 


2.39 x 10 3 
7.46 x 10 3 
5.06 x 10 2 


2.43 x 10 3 
7.48 x 10 3 
5.06 x 10 2 


Ami, (eV" 1 ) 
Ami 2 (eV 2 ) 
Ara!i/Am! 2 


5.00 x 10~ b 
2.50 x 10~ 3 
2.00 x 10~ 2 


5.01 x 10~ b 
2.50 x 10~ 3 
2.00 x 10~ 2 


sin 2 20i2 
(tan 2 i2 ) 
sin 2 2023 
I(^)i3| 2 


0.796 
(0.377) 
0.978 
6.65 x 10~ 3 


0.801 
(0.383) 
0.979 
6.68 x 10~ 3 



TABLE I. Predictions of the neutrino masses and mixing parameters. For the predictions Am^ and m\, we have used the 
value Am 2 2 = 2.5 x 10~ 3 eV 2 from the atmospheric neutrino data [10]. In case A, the values xi are determined from the 
requirement y\ = yz, and the values Zi are obtained from the relation (3.7) and the observed values of m e and m M . In case B, 
the values X% £1X6 taken as Xi = z%, where Zi are obtained as in case A. 
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